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LECTURE 6
Convergence a la Mode

Abstract: We discuss convergence in distribution and in probability, and review some

Central Limit Theorems and Weak Laws of Large Numbers.

1. CONVERGENCE IN DISTRIBUTION

The first mode of convergence to be introduced is based on the distribution function Fx(x) =
Pr(X < ) of a random variable, rather than the random variable itself. Consider two random
variables, X and Y. If | Pr(X < z) — Pr(Y < z)| < ¢ for all values of z, it might be reasonable
to conclude that X and Y are “near” to one another. This is in the sense that probabilities
calculated from Fx and Fy would be almost identical, thought it may be too restrictive to
insist that this condition holds for all z. Indeed, as far as the calculation of probabilities is our
goal we only need to require that the above approximation holds for all continuity points of F'x
and Fy.

Let X be a random variable with distribution function F'(z), and let {X,,} be a sequence of

random variables. If it is true that
Fo(z) =Pr(X, <z) > Pr(X <z)=F(x) asn—

for a sufficiently large set of values of x, then F, converges weakly to F, written F,, = F. By
‘sufficiently large’ we mean at all points x save those where F', the limiting d.f., is discontinuous.
As a d.f. has at most a countable number of points of discontinuity, a major reason for excluding
these points of discontinuity is so that the limiting distribution function may be a step function.
This would be the case with a discrete limiting variable, for example.

In the current context, where the X’s are specifically random variables, it is also often said
that the associated sequence of random variables {X,,} converges in distribution or law to the
random variable X and we write X, 4 x. However, distribution functions need not be defined
with reference to a random variable. Thus a sequence of distribution functions can be said to
converge weakly without any further qualification, motivating the need for the more general =

notation.
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In Figure 1 a sequence of distributions and a limit distribution that are continuous are
illustrated. The idea is that one picks a value z, say x*, and proceeds to check if the sequence
of numbers F,,(z*) converges to the number F'(x*). If this is true for all values z*, then F,, = F.

The same information may be expressed on a density function graph, if we are willing to
make the assumption that the densities of the F},’s and that of F exist. It can be shown that
F, = F if the corresponding sequence of densities {f,(x)} converges to a valid density f(z)

except on a set of Lebesgue measure zero, i.e.
{fn(z)} = f(x) for almost all x, implies F, = F,

but the reverse may not be true, since convergence may occur without the existence of the
relevant densities.

It is possible that the limit random variable may take on only a single value and, therefore,
not be a random variable at all. In such a case X (w) = ¢, a constant, for all w and the limiting
random variable is said to be degenerate. The corresponding limiting distribution F'is a step
function with a unit step at ¢. As an example, let {X,,} be a sequence of normal random
variables with parameters p, = u and 02 = ¢2/n. Then X, LA 1, a degenerate distribution
with a spike at p.

The following example demonstrates what we mean by the requirement that convergence is

only required at continuity points of F'.

Example 1. Define a sequence of distribution functions and a limiting distribution function as

follows:
0 ifz<l1 0 ifzx<O
Fo () ifz<1/n Flz) = if
1 ifz>1/n 1 ifx>0
Then F,, = F even thought F},(0) does not converge to F'(0). [ ]

It will be become clear later just how important it is that random variables be standardized
correctly when seeking a valid limiting distribution. The following example demonstrates this

important point.

Ezample 2. Let Xy, ..., X,, be independently distributed exponential random variables with
distribution function G(x) = 1 —exp(—ax), for x > 0. By independence, the distribution F,(x)
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of the mazimum of these random variables, M,, = max;{X;}, is given by

n
= J[Pr(Xi <) =[G()"
i=1

Consider approximating this distribution as n — oo. As it stands, F,(z) — 0 for all z, the
reason being that the maximum M, of these exponential variables gets unboundedly large as n
increases, so that the probability of it being less than any fixed value x tends to zero. However,
althought F,(z) — 0 for all z, it cannot be said that F,, converges weakly to the function
F(x) =0, for this is not a valid distribution function.

Now consider the standardized random variable M,, — a~'logn. This standardization leads

to the modified maximum having a distribution function given by

Pr[M, —a tlogn <x] = Pr[M, <xz+a 'logn]= F,[z+a 'logn]

n

= [1—exp(—az —logn)|" = [1 —n lexp(—azx)]

— exp(—e ) = F(x).

Hence F,(z) = F(z), the Gumbel distribution, with the result e™ = lim(1 — z/n)" as n — oo
having been used in establishing the result. The appropriately standardized maximum, there-
fore, has a valid limiting distribution, whilst M, itself had no meaningful limiting properties.

Statistics like the maximum or the minimum are called order statistics, and as we saw in
the previous example, are asymptotically Gumbel distributed. In the next section we will
investigate the asymptotic behavior of sums and averages of random variables, and show that

they behave asymptotically like Normal random variables.

2. THE CENTRAL LIMIT THEOREM

One of the main applications of convergence in distribution is in situations in which the F},
are nit specified, but nevertheless the limiting distribution can be obtained. As one may easily
imagine, this cannot be done in complete generality, but one special case of great significance
arises when the sequence X,, has been formed by summation, or, which is the same, it is some

kind of average. Let X, Xo,... be a sequence of random variables and define the sequence of
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partial sums by

and the sequence of averages by
1

X, = =5y
n
The application of the concept of convergence in distribution to the sequences S, and/or X,
leads to the famous result known as the Central Limit Theorem (CLT). We state the result

based on X,,, but the restatement of it in terms of S,, should also be obvious.

THEOREM 1. (The Lindeberg-Levy CLT).

Let {X;,i = 1,....,n} be a sequence of i.i.d. random variables with finite mean p and finite

variance o2. Then

Pr (f_’;%‘ < :r) R /_Oo \/‘% exp(—12/2)dt = B(z),

or equivalently,

V(X — ) % N(0,0%).

Proof. Since the first two moments p and o2 exist, a Taylor series expansion of the characteristic
function of X1, ¢x, (t), about ¢t = 0 yields

1
¢x,(t) = 14 iut — 502t2 + o(t?).
It follows that the c.f. of (X7 — p) has the expansion
1
bx,—u(t) =1 — 50%2 + o(t?).

Then, by independence, S, = X1 +- - -+ X,, has characteristic function ¢g, (t) = [¢x, (t)]", and
VNn(X,, — p) /o has characteristic function

O a(Xn—p)/ot) = [qﬁxl—u (af/ﬁﬂ
t2 2\1"
= oge(5)
—  exp {—;t2} , as n — 0o.

This is the characteristic function of a standard normal variable, and the result now follows

from the uniqueness of the characteristic function. U
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Ezample 3. (The De Moivre CLT). Abraham De Moivre (1667-1754) was the first mathe-
matician to prove a CLT. He proved that for large n the Binomial may be approximated by a
Normal with mean np and variance np(1l — p), that is, as n — oo

A S
. 2rnp(1 - p)
That this is so follows immediately from Theorem 1. Given an i.i.d. sequence {Y;,i = 1,...,n} of

Bernoulli random variables with parameter p, the Binomial X,, = Y | V; will satisfy Theorem

1 with x N )
n — NP 2
Prl —————M<z2 ] — ——exp(—x“/2)dt = ®(x).

<np(1—p) - ) /oo 2m p(=="/2) ()

Ezample 4. (Failure of the CLT). If {X;} is a sequence of i.i.d. standard Cauchy random
variables then it can be shown that X,, also has a standard Cauchy distribution for all n. Since
the Cauchy distribution has no moments, Theorem 1 does not apply here. Note that, not only
is /nX, not asymptotically normal, but /nX, actually explodes as n — oo (it is X, itself,
without normalization, that is standard Cauchy). In this extreme case, the sample mean has
the exact same distribution as the individual observations, so averaging does not produce any

benefit here! ]

Central Limit Theorems are not limited to random variables that are identically distributed.
Extending the basic i.i.d. result of Theorem 1 to more general cases is the subject of a vast
literature. The following is the most general result for independent sequences of random vari-

ables.

THEOREM 2. (The Lindeberg-Feller CLT)
Let {X;,i = 1,...,n} be a sequence of independent random variables with finite means p; and
finite variances 02, and let fi, = n=1 Y, i, and 62 =n=1Y".02. Then

V(X — fin) =% N(0,52).

if and only if for every e > 0,

n

1
lim — / (z; — p;)* dFx, (z;) = 0. (2.1)
72 ji— | >€5nr/m

n—o00 n&n —
1=

Proof. See Chung (1974). O
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Assumption (2.1) is known as the Lindeberg condition and the great thing about it is that
it is both sufficient and necessary for asymptotic normality! It is essentially needed to rule out
the possibility that the variability of one of the summands dominates that of the others. In
fact the Lindeberg condition implies that o2/(3 ", 02) — 0 for all i = 1,...,n, so one way of

ensuring that the condition hold is to require that

max 01-2
1<i<n

771 pu—
2
> oi
i=1

This condition is often referred to as an asymptotic negligibility condition, and is implied by,

lim 0.
n—oo

but does not imply, the Lindeberg condition. It says that no single component of ), X; can
contribute more than an infinitesimal amount to its total variation as n increases.
Theorem 2 contains Theorem 1 as a special case: Suppose the sequence {X;} is i.i.d. with

mean 4 and variance o2, Then the Lindeberg condition reduces to
im — | (21— p)* dFx, (1) =0,
|z1—p|>eov/n

which always holds since {|X; — p| > eoy/n} | 0, the empty set, as n — co. Thus, Lindeberg’s

central limit theorem implies the central limit theorem for i.i.d. variables with finite variances.

Ezample 5. (Failure of the Asymptotic Negligibility Condition). Let 02 = p',0 < p < 1, so
that

- p(l —p"
Yoot =p(+p+p 4 4p") = (1[)).
i
Now '
of _ p(1—p)
noy  p(l—p")
and thus .
pPl—p) 1-—p
max = .
1isnp(l—p")  1—p"
Hence
. 01-2 . 1—p
lim max —5 = lim —=1-p#0,

n—oo i<n ngZ n—ool—p
so the asymptotic negligibility condition is not satisfied. The Lindeberg condition however may

or may not be satisfied. [

We will also state one more CLT that is often used in applications.
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THEOREM 3. (The Lyapounov CLT)
Let {X;} be a sequence of independent random variables with finite means EX; = u;, and finite
variances o2, let fi, = n~ 1>, u; and 62 = n~1Y, 02, and assume that E|X;|*T° < oo for

some positive §. Then

\/E(Xn - ﬂ) _>d N(07 53)7

if for everye >0 and alli=1,---,n
n
: 1 245

Assumption (2.2) is often referred to as the Lyapounov condition. The Lyapounov condition
implies the Lindeberg one, so Theorem 3 is also a special case of Theorem 2. However, the
Lyapounov condition is often easier is verify than the Lindeberg condition, making Theorem 3

a favorite in applications.

3. CONVERGENCE IN PROBABILITY

Convergence in distribution says little about the values of the random variable in the se-
quence. However, it may be the case that these values are relevant in deciding whether a
sequence of random variables gets ‘near to’ a limit random variable X. This will require us
to look at | X, (w) — X(w)| for w in the sample space Q. This way of thinking takes us back
to recalling that a random variable is in reality not a ‘variable’ at all, but a function (to be
accurate a measurable function) of the basic outcomes w in a sample space 2. Convergence of
a sequence of random variables X, (w) to a random variable X (w) can then viewed as akin to
the concept of convergence of a sequence of real functions f,(z) to a real function f(z).

One way of doing this is to fix n and compute Pr(w : | X, (w) — X (w)| < ¢€), that is, for fixed
n, find all those w for which | X,,(w) — X (w)| is less than a positive number ¢, and then compute
the probability measure of these w’s. If this probability tends to zero as n — oo we say that

X, converges in probability to X.

Definition 1. A sequence of random variables X,, converges in probability to a random variable
X if for alle >0

lim Pr(w:|X,(w) — X(w)| >¢) =0.

n—0o0

We write X, 5 x.
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In terms of our analogy to a sequence of real functions f,(x), this definition says that f,(x)
converges in measure (we replace ‘probability’ with ‘measure’ because f,(z) are not random
variables) to a function f(z) if the set of points for which their absolute distance exceeds € > 0

has measure zero as n — oo, i.e. if for all e > 0

lim A (x:|fn(x)— f(z)| >e)=0.

n—oo

4. THE WEAK LAw OF LARGE NUMBERS

As we show the CLT provides an important example of convergence in distribution and is
one of the most important pillars on which statistical inference is based. Here we will discuss
another fundamental result, the Weak Law of Large Numbers (WLLN). The starting point is

what is known as Markov’s inequality which states that, provided the relevant moment exists,
Pr(|Z] > )) < E(Lfv)

for any positive A and r. If we let Z = X,, — E(X,,) which suggests that the random variable

in question is a member of a sequence then, putting » = 2 and relabelling A as ¢, the above

inequality becomes the well-known Chebyshev inequality

V(Xn)

Pr(| X, — E(X,)| >¢) < 2

Since E(X,) and V(X,,) are just numbers, all that needs to be done to prove that X,, B is
to show that E(X,,) = ¢ and that V(X,) — 0. In effect a statement concerning convergence of

random variables (i.e. functions) has been converted to one about numbers.

Ezxample 6. Let X; be a sequence of i.i.d. random variables with mean p and variance
0% < o0o. Define S, = Yo, X, and attempt to apply Chebychev’s inequality to S,. This
is unproductive, for V(S,) approaches infinity. The Lindeberg CLT indicates that S, /\/n
converges in distribution to a normal random variable with mean z and variance 0. To obtain
convergence in probability to a constant sufficient scaling must be applied to render the limiting

distribution degenerate. Indeed applying Chebychev’s inequality to S, /n gives

0'2 n
Pr(|S/n — > ) < 7

and the right-hand side converges to zero as n — co. Thus S,/n = X it 7 [ |

We have proven the following theorem.
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THEOREM 4. (Weak Law of Large Numbers) If {X;,i = 1,...,n} is a sequence of i.i.d. random

. . , o D
variables with mean p and variance 0® < oo, then X = 1 as n — 0o.

More refined results that do not presume the existence of variances can be produced with
a more delicate use of inequalities. We state without proof the following theorem that gives a

necessary and sufficient condition for the WLLN.

THEOREM 5. (Weak Law of Large Numbers II) Let {X;,i = 1,....,n} is a sequence of i.i.d.
F random variables. In order that there exist constants i, such that S,/n — up LN 0, it is

necessary and sufficient that
z[l —F(z)+ F(—z)] -0 asx — oo.
In this case pn, = [ xdF(x) works.
There is also a WLLN for independent but not-identically distributed random variables.
Example 7. Let X; be a sequence of independently distributed random variables with means

1; and variances O'i2. With S, = >, X;, an application of Chebychev’s inequality to S, /n

gives

n -1 2 2 /2
1 n= Y of/n > oi/n

Pr(|Sp/n—n Z'u1| >e) < = il 512

i=1
where ji = n71Y p; and 52 = n=1 > 02, The right hand side of this expression cannot be
shown to converge to zero without some assumption about the {o;}. It would not id o; = 1, for
example. Two conditions that would be sufficient to ensure that the variance of \S,,/n goes to
zero are that the maximum variance, o2,,, be bounded, so that > i, 02/n < no2,. /n*> =0

max?

as n — oo, or if the average of the variances converged to some number 08, say. In either of
these cases the WLLN will hold. [

We have proven the following theorem.

THEOREM 6. (Weak Law of Large Numbers III) If {X;,i = 1,...,n} is a sequence of indepen-
dently distributed random variables with means p; and variances o? such that max; o0? < oo,

then X 5 i as n — oo, where i =n"! Doy i

Just as the Lindeberg and asymptotic negligibility conditions in the context of the CLT, it
is seen that some mechanism to control the relative behavior of the variances is also needed for

the WLLN.

An instance of a WLLN for dependent random variables is provided in the next example.
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Example 8. Let X; be ii.d. normal random variables with mean p and variance o2. Put
W; = (X; =Y. Xi/n)? and S, = Y | W;. It is not difficult to show that E(S,) = (n—1)o?
and that V(S,) = 2(n — 1)o*. However, the W; are neither independent nor uncorrelated
because of the common presence of > ;" | X;. Nevertheless, applying Markov’s inequality with

Z=n"18,—0% r=2and \ = ¢ gives

Pr(|Su/n— 0% 2 e) < e 2B(n"'S, - 0?)?
v s o)

= o2 - 1ot + 00— 1o - o)

The middle line uses the result that the mean squared error is the variance plus the squared
bias. Both terms approach zero as n — oo so S,/n converges in probability to o2 and the

statistic is a consistent estimator of the variance. [ ]

In the last example the statistic S, /n provides a consistent estimator of the o2, even though
E(S,/n) # &% for any finite n. It illustrates a general point that sufficient conditions for
consistency are that the bias and the variance of the statistic should both go to zero with n. It
should be kept in mind, however, that although sufficient these conditions are not necessary.

We close this section with a result that is very useful in applications, the Continuous Mapping
Theorem (CMT).

THEOREM 7. (Continuous Mapping Theorem) If X, L ¢ asn— 0o and g(+) is continuous at
¢, then g(X,) 2 g(c) as n — .

Proof. Since g is continuous at ¢, for all € > 0 we can find a § > 0 such that if | X, —¢| < d
then |g(X,) — ¢| < e. Recall that A C B implies P(A) < P(B). Thus Pr(|g(X,) — g(c)] <
g) > Pr(|X, —c| < 0) = 1 as n — oo by the assumption that X,, = ¢. Hence g(X,) 5 g(c) as
n — 00. O

5. OLS ASYMPTOTICS

In this section we apply the theory developed so far to prove the consistency and asymptotic

normality of the OLS estimator. Consider the linear regression model

yi:$iﬁ+5ia = 1,...,71
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where y; is a scalar, x; is a k vector of exogenous variables, and ¢; is a scalar disturbance. The

OLS estimator is give by

n -1 n
A /
= § TiT; E TiY;
i=1 i=1

We will prove first consistency and then asymptotic normality.

5.1. CONSISTENCY

The following conditions are sufficient for consistency.

Assumption 1. Assume that

) =
ngz)
2
7

(i) E(ei
(i) E(
(iii) E(e; )—a < 005
(iv) E(zjzi) <
(v) Q= E(xla:l) is positive semidefinite;

THEOREM 8. Under Assumption 1, B 5B asn— oo,

Proof. Write

b=p+ (z ) S
=1 j

Assumption 1 and the WLLN imply that

n

and

Then by the CMT,
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5.2.  ASYMPTOTIC NORMALITY
To prove asymptotic normality we need extra assumptions.
Assumption 2. Assume that

(i) B(e!) < o0
(ii) E(|lz;])*) < oo.

THEOREM 9. Under Assumptions 1 and 2,
V(B —B) % N (0,62 E(x)) ).

Proof. Write

n -1 n
V(B —B) = (:L Z %‘zilf;) \/15 Z Ti€;.
i=1 i=1
By Assumption 1 and the WLLN,
1 . /P /
i=1

while by Assumptions 1 and 2 and the CLT

1 n
NG inei 4N (O,E(aczxgeg)) :
i=1

Assumption 2 guarantees that E (1‘11‘2512) exists, since by the Cauchy-Schwarz inequality

1/2 1/2 1/2 1/2
Blasied] < (Bleial?)'? (Bl )" = (Blai )" (Bleil)? < 0
By Assumption 1(ii),
E(zixie}) = B(zia}) E(e7) = 02 E(wix7),

and now taking everything together and invoking the CMT, we obtain
5 d _ _
Vn(p — B) = E(z)) Y (O,UgE(xix;)) =N (O,USE(xixé) 1) .



